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1. Introduction

Abstract: An exact analysis is presented for the diffusiophoresis and elec-
trophoresis of a rigid elliptic cylindrical particle in a uniform applied field
oriented arbitrarily with respect to its axis. The range of the interaction between
the solute species and the particle surface is assumed to be small relative to the
minimum dimension of the particle, but the effect of polarization of the diffuse
species in the thin particle-solute interaction layer is incorporated. To solve the
conservative equations governing the system, a slip velocity of fluid and normal
fluxes of solute species at the outer edge of the thin diffuse layer which balance
convection and diffusion of the solute species along the particle surface are used
as the boundary conditions for the fluid domain outside the diffuse layer.
Expressions for the migration velocity of the particle are obtained in closed
forms for the cases of diffusiophoresis in a nonionic solute concentration
gradient, diffusiophoresis in a concentration gradient of symmetric electrolyte,
and electrophoresis in an external electric field. An interesting feature is found
that the diffusiophoretic or electrophoretic velocity of the particle decreases
with the reduction of the maximum length of the particle in the direction of
migration. Also, the average migration velocity for an ensemble of identical,
noninteracting elliptic cylinders with random orientation distribution is ob-
tained for each case considered.

Key words: Diffusiophoresis — electrophoresis — elliptic ¢ylinder — thin but
polarized diffuse layer

Perhaps the most familiar example of the vari-
ous phoretic motions of colloids is electrophoresis

Driving forces for transport of colloidal par-
ticles generally include concentration gradients of
the particles themselves (diffusion), bulk velocities
of the disperse medium (convection), and gravi-
tational or centrifugal fields (sedimentation).
Problems of the colloidal transport induced by
these well-known driving forces have been treated
extensively in the past. Another category of driv-
ing forces for the migration of colloidal particles,
which has commanded less attention, involves
a nonuniform imposed field (such as electrical
potential, temperature, or solute concentration)
that interacts with the surface of each particle. An
excellent review summarizing the current state of
knowledge concerning particle motions asso-
ciated with this mechanism, known as “phoretic
motions”, is given by Anderson [1].

GC 316

in which an external electric field acts on the
electrical double layer of a charged particle. The
clectrophoretic velocity U, of a single noncon-
ducting particle suspended in an unbounded fluid
is related to the applied electric field E® (which is
constant) by the Smoluchowski equation [2, 3],

&l
Uo=-——E.
0= g 2 (1)

Here, /4n is the fluid permittivity, » is the fluid
viscosity, and { is the zeta potential associated
with the particle surface.

Another example of phoretic motion is dif-
fusiophoresis [3], which is the migration of a solid
particle in response to the macroscopic concen-
tration gradient of a molecular solute; the solute
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can be nonionic or ionic. The particle moves to-
ward or away from a region of higher solute
concentration, depending on some long-range in-
teractions between the solute molecules and the
particle. In an immense solution with a constant

solute concentration gradient Vn®, the dif-
fusiophoretic velocity of a particle is
kT
Uo=—L*KVn® 2)
n
for the case of nonionic solute [4], and
85 kT Dz Dl
=%~ 4nnZe| D, + D,
4kT Zel\ | Vn
——Incosh| — 3
7 <4kT> J*w ®

for the case of symmetric electrolyte solute [5].
Here, L* is a characteristic length for the range of
particle-solute interactions, K is the Gibbs ad-
sorption length characterizing the strength of the
adsorption (K and L* are defined by Egs. (28a)
and (28d)), n*(Q) is the macroscopic solute con-
centration measured at the particle center 0 in the
absence of the particle, D{ and D, are the diffusion
coefficients of the anion and cation respectively,
Z is the absolute value of the valences of ions, e is
the charge of a proton, k is the Boltzmann con-
stant, and T is the absolute temperature.

Equations (1)~(3) indicate that the elec-
trophoretic and diffusiophoretic velocities of
a particle are independent of particle size and
shape. However, their validity is based on the
assumptions that the local radii of curvature of
the particle are much larger than the thickness of
the particle-solute interaction layer at the particle
surface and the effect of polarization (relaxation
effect) of the diffuse solute species in the interfacial
layer due to the nonuniform “osmotic” flow is
negligible. The subscript “0” of the particle velo-
city Uy in Egs. (1)-(3) emphasizes that these ex-
pressions are only valid in the limit of these
assumptions. Recently, important advances
have been made in the evaluation of the phoretic
velocities of colloidal particles relaxing these
assumptions.

Taking the double-layer distortion from equi-
librium as a perturbation, O’Brien and White [6]
obtained a numerical calculation for the elec-
trophoretic velocity of a dielectric sphere of radius

a which was applicable to arbitrary values of
{ and ka; k™' is the Debye screening length de-
fined by

1 ekT \3

. <8nezl > ’ 4)
where I is the ionic strength in the bulk solution.
On the other hand, Dukhin and Derjaguin [3]
obtained an analytical expression for the elec-
trophoretic mobility of a spherical particle with
a thin but polarized double layer in a solution of
symmetrically charged, binary electrolyte. Some
approximate analytical and semi-empirical for-
mulas for the electrophoretic mobility of a spheri-
cal particle in a symmetric electrolyte solution
have also been developed by O’Brien and Hunter
[7] and Ohshima et al. [8] for small but finite xa.
O’Brien [9] extended these analyses to the case of
electrophoretic motion of a sphere in a solution
containing an arbitrary combination of electro-
lytes.

In general, the result for the electrophoretic
velocity of a colloidal sphere with a thin but
polarized double layer in a symmetric electrolyte
solution can be analytically expressed as [10]

_ &
g—4 17E |:3(2+01+C2)
4kT Zel
+ 3ZeC( )lncosh<4kT>} (%)
with
1= 574 (@ + aPas + 3af;,
—2af11 4+ 21221 — 2B11B22) » (6a)
1
€y = 22 (@* + af1y + 3aBa;
—2afs5 + 2812821 — 2B11B22) > (6b)
and
1
4= P(GZ +afi1 + afra + Pr1faz — B12B21)
(7)

where B1, B12, B21, and f8,, are defined by Egs.
(41). If || is small and «a is large, the interaction
between the diffuse counterions and the particle
surface is weak and the polarization of the double



Keh and Huang, Diffusiophoresis and electrophoresis of elliptic cylindrical particles

857

layer is also weak. In the limit of

(Ka)*lexp<ze|5|>—>o, 8)

2kT

¢; =¢3 =05 (fri/a= Pis/a= fri/a = Paja=
0), and Eq. (5) reduces to the Smoluchowski equa-
tion {1).

For the case of diffusiophoretic motion of
a sphere with a thin but polarized interaction
layer in a gradient of non-electrolyte solute, the
following formula for the particle velocity has
been analytically derived [11]:

1

U= %TL*K[I + 1+ vPe)§:| ve®, (9
where the definitions of v and Pe are given by Eqs.
(28b) and (28c). For the case of a strongly adsor-
bing solute, the ratio K/a can be much greater
than unity. In the limit of K/a — 0 (weak adsorp-
tion), the polarization of the diffuse solute in the
interfacial region vanishes and Eq. (9) reduces to
Eq. (2).

On the other hand, Prieve and Roman [12]
obtained a numerical solution of the dif-
fusiophoretic velocity over a broad range of { and
ka for a rigid insulating sphere in concentration
gradients of symmetric electrolytes (KCl or NaCl)
using the method of O’Brien and White [6]. Ex-
tending the analyses [3, 9, 10] for the electrophor-
esis of a spherical particle, Keh and Chen [13]
recently obtained the following analytical expres-
sion for the diffusiophoretic velocity of a diclectric
sphere with a thin polarized double layer in
a symmetric electrolyte solution:

& kT'Vn® (2(D, — D, 8kT
~ 4y Zen"’(Q)[fS <D2 + D, Th _b2>+3ZeC
Zel
X(1 4+ by + by)In cosh<m>} , (10)
where
D, 3
b, = —
1 D, + chl ZaAﬁ”’ ) (11a)
D, 3
b, = D, ¥t chz - ZaAﬁZI , (11b)

and ¢; and c, are defined by Egs. (6). In the
limiting situation as given in Eq. (8), Eq. (10)
reduces to Eq. (3).

1t could be found from Egs. (5}, (9), and (10) that
the effect of polarization of the diffuse layer is to
decrease the particle velocity. The reason for this
consequence is that the transport of the solute
inside the interaction region between the solute
and the particle reduces the field along the particle
surface.

The phoretic theories of nonspherical particles
differ from those of spheres in that there is an
orientational problem. In general, under polariz-
ed conditions, the phoretic mobility of a non-
spherical particle is anisotropic and the velocity of
the particle is no longer collinear with the applied
field. The phoretic motions of a long circular
cylinder with a thin but distorted particle-solute
interaction layer were studied for the cases of
electrophoresis [ 13-157] and diffusiophoresis [13].
A remarkable feature was found that the dif-
fusiophoretic or electrophoretic velocity of the
cylinder in a transversely-imposed field is exactly
the same as the corresponding velocity of a rigid
sphere with an equal radius. The phoretic motions
of a spheroidal particle with a thin polarized
diffuse layer have also been investigated for
both cases of electrophoresis [ 16, 17] and diffusio-
phoresis [17].

It would be interesting to understand the effect
of the form anisotropy of the normal cross-section
of a long cylinder on its phoretic mobilities. In this
paper we present a common analysis of the dif-
fusiophoretic (in gradients of non-electrolytes or
electrolytes) and electrophoretic motions of an
elliptic cylindrical particle with a thin but polariz-
ed particle-solute interaction layer at the particle
surface. We chose the elliptic cylinder as the
model, because when the aspect ratio of its cross-
sectional ellipse takes different values, the ellipse
will have various forms, ranging from a circle to
a line segment. The elliptic cylinder can be
oriented arbitrarily with respect to the imposed
field. The particle velocities are determined in
closed forms as functions of relevant parameters
for various cases.

2. Basic equations for phoretic motions

We first consider the diffusiophoretic or elec-
trophoretic motion of a rigid particle of arbitrary
shape in an unbounded liquid solution containing
M chemical species (ionic or nonionic). The layer
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of interaction between the solute species and
the particle surface is assumed to be thin in
comparison with the particle dimension. Hence,
the fluid phase can be divided into two regions:
an “inner” region defined as the interaction
layer adjacent to the particle surface and
an “outer” region defined as the remainder of
the fluid.

In the outer region, the equations of conserva-
tion of the solute species and fluid momentum can
be expressed by the Laplace equation

Vi =0, m=12,..., M, (12)
and the Stokes equations

nViu—Vp=0, (13)

Vov=0. (14)

In Eq. (12), u,, is the modified chemical potential
energy of species m defined as

o = 1 + KTInn,, + @, (15)
where p0 is a constant; n,, is the concentration of
species m; @,, represents all kinds of potential
energy resulting from van der Waals forces, elec-
trical forces, etc., for the interaction between type-
m species and the particle surface. In Eqgs. (13) and
(14), v is the fluid velocity field and p is the dy-
namic pressure. For ionic species, the modified
chemical potentials g, are also known as the
electrochemical potentials [8].

The governing equations (12)—(14) in the
outer region ought to satisfy the following
boundary conditions at the particle surface
(s3) obtained by solving for the fluid velocity
and the modified chemical potentials of the
solute species in the inner region (balancing
convection and diffusion of the solute species
along the surface) and using a matching proce-
dure to ensure a continuous solution in the whole
fluid phase [9, 13]:

on S;:
M
n Vi, = — Z ﬁmii VsVsu,
i=1
i= 1) 2, -aMs (16)
p=U+Qxr+u,, (17

with
ﬁmi - 5mi y [CXP( - Q%/kT) - 1] dyn
0
kT %
+ ——n% | [exp(— PL/kT) — 1
D, g p( /kT)y—1]
Yn C
x | [[exp(— @3/kT) — 1]dy,dy,dy,
0 yy'1
(18)
and
1 M 0
Vs = ﬁa Y. Vthm § valng — nn(@1dy, . (19)
m=1 0

In Egs. (16)-(19), n> and @2, functions of y,,
are the equilibrium concentration and potential
energy, respectively, of species m; y, is the
distance measured from the particle surface along
n, which is the unit vector outwardly normal
to the surface; nj(0) is the bulk concentration
of species m measured at the particle center 0
in the absence of the particle; r is the position
vector from the particle center; I is the unit
dyadic; V= (I — nn)'V represents the gradient
operator along the particle surface; 6,,; denotes
the Kronecker delta which is unity if i equals m,
and zero otherwise; U and Q are the translational
and angular velocities of the particle to be deter-
mined. Here, the term “surface” means outer limit
of the thin interaction layer surrounding the par-
ticle. If the fluid is only slightly nonuniform in the
undisturbed solute concentrations (n) on the
length scale of the particle dimension, the equilib-
rium concentration of any species is related to its
equilibrium potential energy by the Boltzmann
distribution

= 1 (Q)exp( — P /kT) . (20)

The modified chemical potentials far away from
the particle approach the undisturbed values and
the fluid is motionless there. Thus, u,, and v must
obey

(21)
(22)

In Eq. (21), % = 0 for the case of diffusiophoresis
and VO 2 = — ez, E® for the case of electrophor-
esis, where z,, is the valence of type-m ions.

Il 0% i ) + KT lnngy + 93

v—=0.
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Because there is no effective external field
exerted beyond the outer edge of the particle-
solute interaction layer, the particle (plus its
adjacent diffuse layer) is force and torque free.
With this constraint, one can calculate the particle
velocities U and Q after solving Egs. (12)—(22)
for the modified chemical potentials and the
fluid velocity. The application of an external
field to a nonspherical particle will in general
give rise to a nonzero . For the motion
of an elliptic cylinder, however, there can be
no rotation due to the linearity of the governing
equations (12)—+22) and the symmetry of the
particle shape.

3. Diffusiophoresis in a nonelectrolyte
solute gradient

In this section we consider the diffusiophoretic
motion of an infinitely-long elliptic cylinder
suspended in an unbounded solution of a non-
electrolyte solute (M = 1) with a constant concen-
tration gradient Vn®. The lengths of the major
and minor semiaxes of the cross-sectional ellipse
of the cylindrical particle are a and b, respectively.
It is assumed that a|Vn*|/n®(0) < 1 and L/b < 1,
where L is the characteristic thickness of the par-
ticle-solute interaction layer (which is approxim-
ately the molecular dimension of the solute). The
interaction between a single solute molecule and
the particle surface is described by the potential
energy @(y,), which decays to zero when
/L > 1.

To conveniently satisfy the boundary condi-
tions at the particle surface, the elliptic cylinder
coordinate system (&, ¢, z), illustrated in Fig. 1, is
utilized. This coordinate system is related to the
rectangular coordinates (x, y, z) by the relation (in
any plane z = constant) [18]

X = ccoshé cosg , (23a)
y = csinh¢ sing , (23b)

where 0 < £ < 00,0 < ¢ < 27, and c is a charac-
teristic length which is positive. The family of
curves in the xy plane characterized by the para-
meters ¢ = constant are ellipses having their
centers at the origin and their two foci at the
points (x = + ¢, y = 0). The lengths of the major
and minor semiaxes of the ellipse ¢ = &,, which

Y
:-%ﬂ'
p=-tn
& %
=0
(—.0) (Fo.0) T
p=3m p=3n ¢=Tm

Fig. 1. The elliptic cylinder coordinate system

corresponds to the normal cross-section of the
elliptic cylinder, are given by

a=ccosh¢,, (24a)

b =csinh&, . (24b)
Equations (23) show that when &;,=0 the
ellipse is degenerate and corresponds to that seg-
ment of the x axis lying between the two foci. As
&g — oo the ellipse approaches a circle of infinite
radius.

The solute gradient Vn® can be taken as a com-
bination of the longitudinal component (Vn®),e,
and the transversal component (Vn®).e, +
(Vn™),e, with respect to the orientation of
the elliptic cylinder, where e,, ¢, and ¢, are
the unit vectors in the Cartesian coordinate
system. Thus, the general problem can be divided
into two subproblems due to the linearity and
they will be separately solved. The total dif-
fusiophoretic velocity of the elliptic cylinder can
be obtained by the vectorial addition of the two
component results.

We first consider the diffusiophoretic motion of
the elliptic cylinder due to the transverse compon-
ent of the solute gradient, (Vn®),e, + (Vn™),e,.
The modified chemical potential of the solute, u,
outside the particle-solute interaction layer is gov-
erned by the Laplace equation (12). A solution of
it that satisfies the far-field boundary condition
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(21) is where
kT(Vn™) . L 1 —x? g
=u + kTlnn®Q) + ——= ~¢ £o) = A S—
H=u nn®(Q) + 220 (x + Ae"*cosp) G(&o) _j1<cosh2 o — X2 dx
kT(Vn®), , =
(OOVn )y (v + Be~tsing) . 25) 2coshi [ E(sechéy)
n”(Q) — tanh?&, K (seché,)] (30a)
where 4 and B are the unknown coefficients to be  gp4
determined. At the cylinder surface (outer edge of . 5
the interaction layer) this solution obeys Eq. (16), HE) = | 1—x %dx
which can be written as o7 2 \sinh?¢, + x?
£t op éi[(sinhzé N sinzgo)_%au:l ’ = 2coshéo[ K(sech&o) — Efsechéy)] .
08 cop oo (30b)
@9 11 Egs. (30)
where 2
B=(1+vPoK, en K@= [0 -osn®)=d0 Gla)
with and
@ T2
K = [ [exp( — &(y,)/kT) — 11dy, , (282)  E(@) = | (1 — «2sin26)*d0, (31b)
0 0
= (L¥K2) 1 i " which are the comp_lete elliptic integrals of the first
V= (LK) i { yjn [exp( — ¢(yn)/kT) kind and second kind, respectively [19].
) Knowing the modified chemical potential dis-
— 1]dy" } dy, , (28b) tribution in the fluid phase, we can now take up
the solution of the fluid velocity field. The fluid
kT motion outside the particle-solute interaction
Pe ) — L*¥*Kn®(0), (28¢c) layer is governed by the Stokes equations (13) and
o (14) and subject to the boundary conditions (from
and Egs. (17) and (22))
o E=Corp=Uex+ Uge
L* = K™ ] yulexp( — @ () /kT) = 11dy, . T a
° (28d) - gq,—c—(sinhzf + sin?@) ¥

Here, D is the solute diffusion coefficient, K is the
Gibbs adsorption length, Pe is the Peclet number,
and vPe accounts for the effect of convection on
the solute distribution just outside the adsorption
layer.

Substituting Eq. (25) into Eq. (26), one can find
that

7ic — 2B cothéy G(&y)

— pplo g
A = ce**sinh &, e + 28G(%) ,

(29a)

and

nec — 2ftanh &g H(Eo)

nc + 2P H(&y) . (299)

B = ce** cosh &,

—HT [n° — n°(Q)]dy, (32a)
a9 o

and
(32b)

where e, is a unit vector in the elliptic cylinder
Coordmate system, and U,e, + U, e, denotes the
diffusiophoretic velocity of the cyhnder in the
transverse direction. In Eq. (32a), the integral
equals n”(0)L*K by the definition of Eq. (28d)
and the equilibrium relation (20), and 6u/0¢ can
be calculated from Eq. (25) with A and B deter-
mined by Egs. (29). With the force-free constraint,

E- 0:iv—0,
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Table 1. The normalized diffusiophoretic mobilities of an eliiptic cylinder in non-electrolyte concentration gradients in the
transverse directions parallel to the major axis (x) and the minor axis (y)

afb = 1.1 a/b = 1.01 a/b =1
pla B/b
Ux/ UxO Uy/ UyO Ux/ UxO Uy/ UyO U/ UO

0.01 0.9899 0.9894 0.9901 0.9900 0.9901
0.01 0.9908 0.9903 0.9902 0.9901

0.1 0.9072 0.9031 0.9089 0.9085 0.9091
0.1 0.9149 09111 0.9097 0.9093

0.5 0.6615 0.6508 0.6661 0.6650 0.6667
0.5 0.6825 0.6721 0.6683 0.6672

1 0.4943 0.4823 0.4994 0.4981 0.5000
1 0.5181 0.5062 0.5019 0.5006

2 0.3282 0.3178 0.3328 03317 0.3333
2 0.3496 0.3388 0.3350 0.3339

10 0.0890 0.0852 0.0907 0.0903 0.0909
10 0.0971 0.0930 0.0915 0.0911

100 0.0098 0.0092 0.0099 0.0098 0.0099
100 0.0106 0.0101 0.0100 0.0099

the fluid velocity field v and the particle velocity
components U, and U, can be obtained by solving
Egs. (13), (14), and (32).

It can be shown that the fluid motion outside
the diffuse layer surrounding the elliptic cylinder
can be described by a two-dimensional irrota-
tional flow [20] with the Lagrangian stream func-
tion ¥ (¢, ¢) expressed by

Y =ce “7%)( — U,sinhé, sing

+ U, coshéycosg) , (33)

where the components of the diffusiophoretic ve-
locity are given by

T A
U, = %L*K(Vn“o)x[ze_“" + e ¢ coshéo:l

(34a)
and

kT B } .
U, = —{L*K(Vnw)y[ze_zgo +e sinhéoJ .

(34b)

As to the diffusiophoretic motion induced by
the longitudinal component (Vr®), of the solute
concentration gradient, there is no disturbance in
the concentration and velocity fields caused by
the curvature of the cylinder like in the above
analysis for the transverse motion. The longitud-

inal velocity of the cylinder is given by Eq. (2),

kT
U, = WL*K(VnOO)z .

(35)
Note that, when the solute is weakly adsorbing,
1e., K/b €1 or /b — 0, Egs. (34) will also reduce
to the simpler form of Eq. (2).

The overall diffusiophoretic velocity of the el-
liptic cylinder is the sum of the transversal and
longitudinal contributions,

U=Uce,+ Uy, + Use, . (36)

Thus, in general, the direction of the particle mi-
gration will not be parallel to the prescribed sol-
ute gradient.

Usually, experimental values of the phoretic
velocity are average results. For an ensemble of
long elliptic cylinders with random orientation,
the average particle velocity (aligned with the di-
rection of Vn*) is obtained by averaging the trans-
versal and longitudinal mobilities,

R U, U,
O3 (Vno),  (VA®), | (Vi®)

It 1s expected that the average velocity would be
smaller for an ensemble of cylindrical particles of
finite length, for which the effect of the diffuse-
layer relaxation on U, appears.

The coefficients A and B in Egs. (34) have been
calculated for various values of the aspect ratio

} V= . (37)
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Fig. 2. Plots of the normalized diffusiophoretic mobilities of
an elliptic cylindrical particle in a nonelectrolyte solution
versus the aspect ratio for various values of the relaxation
parameter: a) migration along the x-axis; b) migration along
the y-axis

a/b and the relaxation parameter fS/a (or f/b,
which indicates the strength of the solute adsorp-
tion to the particle surface). Numerical results of
U, and U, for a transversely-diffusiophoretic ellip-
tic cylinder with aspect ratio approaching unity
(a/b = 1.1 and 1.01) are presented in Table 1 for
various values of fi/a and f/b. The magnitudes of
the diffusiophoretic velocities are normalized by
the corresponding values with negligible effect of
the diffuse-layer polarization, given by (from Eq.

)

Uso = %Z L*K(Vn™), , (382)
Uy = %L*K(Vnw)y . (38b)

0.0

10
a/b
Fig. 3. Plots of the normalized average diffusiophoretic mo-
bility in a dilute suspension of identical elliptic cylinders with

nonelectrolyte concentration gradient versus the aspect ratio
for various values of the relaxation parameter

The exact solutions of the normalized dif-
fusiophoretic velocity of an infinitely-long circular
cylinder (with a/b = 1) resulted from Eq. (9) and
are also listed in the last column of Table 1 for
comparison. It can be seen that our results for the
elliptic cylinder with a/b — 1 agree very well in
tendency with the exact values for the circular
cylinder.

An interesting feature is evident in Table 1: the
normalized velocity U, /U,, is a much less sensi-
tive function of the aspect ratio a/b for a fixed
value of B/a than for a fixed value of /b, while
U,/U,q is a much less sensitive function of a/b for
a given f/b than a given f/a. Namely, the max-
imum length of the particle in the direction of
diffusiophoresis is the major factor of the particle
dimension influencing the magnitude of the dif-
fusiophoretic velocity. In general, the particle ve-
locity decreases with the decrease of this length.
This behavior is consistent with the observation
in the phoretic motions of a spheroid [17].

The normalized velocities U, /Uy and U, /Uy
of the elliptic cylinder as a function of the aspect
ratio a/b (in the range from 1 to 10) are plotted in
Figs. 2a and 2b, respectively. Three constant
values, 0.1, 1 and 10, are chosen for the parameter
B/a or B/b in these curves. Again, these curves
demonstrate that U, /U, does not vary too much
with a/b for a given f/a and U, /U, is a less
sensitive function of a/b (when a/b is not largej for
a fixed f/b than for a fixed f/a. These normalized
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velocities are monotonic decreasing functions of
a/b for a given value of f/a and are monotonic
increasing functions of a/b for a given value of §/b.
It can be seen from Table 1 and Figs. 2a and 2b
that the migration velocity of the particle de-
creases monotonically with the increase of the
relaxation parameter f/a or §/b.

The average diffusiophoretic velocity in a dilute
suspension of identical elliptic cylinders can be
evaluated using Eq. (37), and the numerical results
of its normalized magnitude for three different
values of f/a and /b are plotted versus a/b in Fig.
3. Again, this average velocity is a monotonic
decreasing (or increasing) function of a/b for
a fixed parameter f/a (or f/b). In general, U,,/U,
varies less sensitively with a/b for a given value of
B/a than for a given value of fi/b.

4. Diffusiophoresis in a concentration gradient of
symmetric electrolytes

We now consider the diffusiophoretic motion of
a uniformly-charged elliptic cylinder when immer-
sed into a solution of symmetrically charged,
binary electrolyte (M = 2) with a constant con-
centration gradient Vn®(nT =n% = n>, where
subscripts 1 and 2 refer to the anion and cation
respectively). Again, we assume a|Vn®|/
n*(Q) < 1. The electrical double layer is assumed
to be much thinner than the particle’s minimum
dimension, ie., kb > 1, but the effect of double-
layer relaxation is incorporated. The interaction
between the solute ions and the charged surface of
the cylinder is dominated by the electrical energies
b, =ez,P,, where z,, is the valence of ions
mm=1or2 —zy=2z,=2Z2) and @, is the
electrical potential.

Because n* is not uniform, it is required that
the total fluxes of cations and anions are equal in
order to have no current arising from the diffusive
fluxes of the solute ions in an electrically neutral
solution. Thus, an electric field arises spontan-
eously due to the difference in mobilities of the
cation and the anion [5],

£ — _ Voo - kT(D2 ~ D,

Since all the governing equations and boundary
conditions are linear, diffusiophoresis can be con-

sidered a linear combination of two effects: 1)
“chemiphoresis” due to the nonuniform adsorp-
tion of counterions over the surface of the particle,
which is analogous to diffusiophoresis of nonelec-
trolytes considered in the previous section, and 2)
“electrophoresis” due to the macroscopic electric
field generated by the gradient of electrolyte con-
centration given by Eq. (39). In Eq. (3) for the
diffusiophoretic velocity of a particle with an un-
polarized double layer, the first term in the
brackets results from the contribution of elec-
trophoresis, while the other term represents the
chemiphoretic contribution. Similar to the ana-
lysis in the previous section, here we can decom-
pose Vn® into the transversal and longitudinal
components, (Va®),e, 4+ (Vn*),e, and (Vn*),e,,
and analyze the diffusiophoretic motion due to
each separately.

First, we consider the motion due to the trans-
verse component. The modified chemical poten-
tials (known as electrochemical potentials) of the
ions outside the double layer satisfy the Laplace
equation (12). A solution of them in terms of the
elliptic cylinder coordinates that satisfies the far-
field boundary condition (21) is

kT (Vn®),
n(0)

z Dz - Dl —
j_m( 227 Y £
x{[ Z(Dz n D1>:ix+Ame cos<p}
kT(Vn>), Zm({ Dy — Dy
AT Bl o _
T 0 {[ Z (Dz 0, )|

+ Bmeésinq)} ,

t = U + kTInn™(Q) +

(40)

where m =1 or 2, and A,, A4,, B, and B, are
unknown constants to be determined by using the
boundary condition at the particle surface. In
addition to the direct contribution of the solute
gradient to u,,, as is given by Eq. (25), a part due
to the induced electric field given by Eq. (39) is
also included in Eq. (40).

At the outer edge of the double layer surround-
ing the particle, normal gradients of the electro-
chemical potentials occur as described in Eq. (16).
Since the equilibrium electrical potential @9
governed by the Poisson-Boltzmann equation has
an analytical expression for a symmetric electro-
lyte (so do ¢ and @9), the values of f,,; in Eq. (18)



864

Colloid and Polymer Science, Vol. 272 No. 7 (1994)

can be analytically determined [10],

P11 = %[4<1 + 32—];1) exp(Z)sinhZ

1 fl ( + Incosh C)} (41a)
12/,
Bi2 = T( >3 )lncoshC (41b)
B21 = 7( fz)lncosh( (41c)
B2z = ;1€_|i - 4(1 + 3Zfzz>exp( — O)sinh {
+ 1;2 (¢ —1In coshZ):| , (41d)

where { = Ze(/AkT and f,, = e(kT)*/6mne>D
Substituting Eq. (40) into Egs. (16), it is found
that

— G296

A, = ce*® , (42a)
d19s — g29a
A EO d196 — 939a (42b)
27 g19s — gags’
hyhs — hyh
B, = cefo 25 7276 ’ 42¢)
! hihs — hahy (
hihs — hih
B, = ceo = % 42d)
2 hihs — hahy (
where
g1 n P11 {G(o)
— 43
{hl} 2T {H(éo) (432)
{hz} c (50)

I

nD, {sinh¢,
D, + D, |cosh{,

_ 2(B11D; + 512D1){005h50 G(fo)}

ol

oD, + Dy) sinh &g H(So)
(43c)
g4 _ﬁﬂ G(So)
{/u} o {H(éo)}, (34

gs( _ 7 @ G(&o)
{hs} R {H(éo)} ’ )
ge| _ 7D, |sinh¢,
hef D, + D, |coshé&,
_ paDs + Bzle){COShfo G(fo)}
c(D, + Dy) sinhéo H(&o))
(43f)
In Egs. (43), G(¢,) and H(&,) are defined by Egs.

(30).

The fluid flow field outside the double layer is
governed by the same equations as Egs. (13) and
(14) and obeys Eq. (32b). The boundary condition
at the particle surface is, similar to Eq. (32a),

E=¢(0p=Ueer + Uy,
1 . . ;
—e, Eg(smhzé + sin®@)~*

(e o]

« 3 Le Tl =@y, 44

For a symmetric electrolyte, the integral in Eq.
(44) can be analytically computed. Hence, the
components of the diffusiophoretic velocity can
be determined by a similar way to obtain Egs.
(34), with the result

‘5{ kT(VnOO)x DZ 1 — &
* 4n11 Ze n*(Q) [Dz + Dle coshco

A=Ay . | 4T Zel
e ¢ g meoshl g5

Al + A2 e_zéo
2¢ ’

(45a)

X (e“:" coshéy +

and

Dl ~¢osinhé,

el kT (Vn®), [Dz

= 4nnZe n*(0) | Dy + Dy
By =By, , 4T, Ze{
+ 2¢ € eC neosh 4kT
. B B
X <e§° sinh &, + St e‘zé‘))} :
2c
(45b)
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The stream function for the fluid flow can still be
expressed by Eq. (33), but here U, and U, are
given by the above equations instead. Note that,
in the limit of large xb and small |{| as expressed
by Eq. (8), fi1/b=P1s/b=P21/b=P2/b=0
and Egs. (45) reduce to the form of Eq. (3) for the
case of a thin unpolarized double layer. As ex-
pected, Eqgs. (45) predict that U, = U, = 0if { = 0.

Due to the linearity of the diffusiophoretic
problem, the particle velocities U, and U, can be
expressed as

U,=U:+ Us (46a)
and
U,=U; +Us, (46b)

where U; and Uj represent the corresponding
chemiphoretic velocities, and Uy and Us denote
the corresponding electrophoretic  velocities.
Us and Uy can be determined from the same
procedure to obtain Eq. (45) by setting D, = D, in
Eq. (40) for pn,,,

Ut = _sé_l_c_Y_“(Vn"O)x Ai - Aée—Zéo
dnn Ze n™(Q) 2c

+ Mln cosh (_Z__e£>

Zel 4kT
Ai + A5
X <e“f° coshéy + %e‘zf"):l (47a)
and
C f‘_{_k_T(Vnoo)y Bi — Bée—Zéo
Y dmn Ze n*(Q) 2c
akT Ze{
+ E—e_éln cosh <M>
. Bl 14
X <e‘§° sinh&, + —1—_{—&625(’):' . (47b)
2c
Here
Al = ce‘fogsgs — Y296 ’ (482)
9195 — g29a
A = ce§0g1g6 — 93da , (48b)
9195 — J29a
hihs — h,yh¢
B, = &p PE31ES 276
1= ce ~——~h1h5 “hoh, (48¢)

o g — hihy

B = b R e
where
g3| _ m(fsinhé,
hy| 2 ]coshé&,
Bi1+ P12 [coshéy G(&)
T e {sinhéOH(fo)}’ (492)

Jdé oz sinh &,
kg} " 2cosh&,
_ Ba1 + B2z fcosh &y G(&)
c sinh &, H(é,)) = (49b)

In the limit of Eq. (8), Egs. (47) reduce to Eq. (3)
Wlth Dz == D] .

On the other hand, U; and U; can be deter-
mined similarly by eliminating the first terms in
the square brackets in Eq. (40),

_ & KT(Vn™), D, — D,
* " 4nn Ze n*(Q) D, + D,
A oy
2c ¢

4kT Zel
+ ZZ In cosh <217c7’>

" s
% A1 — 26—250:|

I:e‘éo cosh &,

% (50a)

and
. & kT(Vn™), D, — D
Y 4mn Ze n*(Q) D, + D

1 - .
[e oginh &,
1

"+ B iy 4kT Zel
Jir T2 o4 20 hivhid.d
oy e + Zel ncosh T
B — By _a
X % e . (50Db)
Here,
Al = ce® 9395 — 9296 ’ (51a)
g19s — 9294
Ay = — ceéow , (51b)
9195 — ga294
. Hahs — hoh
B = cefo 22 276 (51¢)

hIhS —_ h2h4 ’
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Table 2. Thc; normalized diffusiophoretic mobilities of an elliptic cylinder in a solution containing only one symmetric
electrolyte with Z = 1, f; = 0.2, and {e/kT = 8 in the transverse directions parallel to the major axis (x) and the minor axis (y)

afb =1.1 a/b = 1.01 afb =1
Ka Kb
U/Uso Uy/Uso U/Uso U,/Uso U/U,
(D2 = Dy)/(D; + D) =0
100 0.2230 0.2092 0.2291 0.2276 0.2298
100 0.2513 0.2371 0.2320 0.2305
300 0.5564 0.5428 0.5623 0.5609 0.5630
300 0.5832 0.5699 0.5651 0.5637
1000 0.8225 0.8152 0.8256 0.8249 0.8260
1000 0.8365 0.8297 0.8271 0.8264
(D2 = Dy)/(Ds+ D)= —02
100 0.1154 0.0995 0.1222 0.1206 0.1231
100 0.1476 0.1314 0.1256 0.1239
300 0.4953 0.4749 0.5019 0.5003 0.5027
300 0.5258 0.5107 0.5051 0.5035
1000 0.7981 0.7897 0.8016 0.8008 0.8021
1000 0.8140 0.8062 0.8033 0.8025
. & I — h3hy 51d semble-averaged mobility of the elliptic cylinder
2 " hhs — hohy (31d)  can also be determined by Egs. (36) and (37),
respectively, incorporated with Egs. (45) and (53).
where The coefficients A, A,, By, and B, in Eq. (45)
4 7 (sinh &, have been calculated for various values of
{ } - —{ } _ (Dy — D)(Da + D), fu, Z, Le/kT. xa, and afb.
h3) 2 {cosh&o Part of the numerical results of the dif-
— cosh &, G fusiophoretic velocities U, and U, of the elliptic
ﬁl—lc—@ﬁ{smh f ° H((g‘)))} , (52a) cylinder (with Z=1, f, =02, C(e/kT =S8,
05450 a/b = 1.1 and 1.01) normalized by their corres-
g¢| _ m{sinh&, Bai — B2z ponding magnitudes (U, and U,,) with negligible
w{= "~ 2lcoshés( ¢ effect of the double-layer polarization are present-
ed in Table 2. The analytical solutions of the
« cosh &3 G(&) (52b) diffusiophoretic velocity of a circular cylinder as
sinh &, H(&o) | given by Eq. (10) are also listed in the last column

For the motion driven by the longitudinal com-
ponent (Vn™), of the solute gradient, no polariza-
tion of the diffuse ions or disturbance in the fluid
velocity and solute concentration fields arises.
The diffusiophoretic velocity of the cylinder is the
same as that predicted by Eq. (3),

_ o kT (V") [ D, — D,
“" d4nnZe n™(Q) | D, + D,

(53)

The overall diffusiophoretic velocity of an ar-
bitrarily oriented elliptic cylinder and the en-

of this table for comparison. It can be seen that
the results for the elliptic cylinder agree very well
in trend with the exact values for the circular
cylinder. The diffusiophoretic mobilities are al-
ways reduced due to the polarization of the
double layer. Also, the normalized velocity
U,/U, is a much less sensitive function of the
aspect ratio a/b for a given value of ka than for
a given value of kb, while U,/U,, is a much less
sensitive function of a/b for a fixed xb than for
a fixed xa. Similarly to the case of diffusiophoresis
of an elliptic cylinder in nonelectrolytes con-
sidered in the previous section, the dif-
fusiophoretic velocity of a cylinder in electrolytes
decreases with the reduction of the maximum
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length of the particle in the direction of dif-
fusiophoresis. Note that the situations associated
with (D, — D)/(D, + D;) = 0and — 0.2in Table
2 are very close to the diffusiophoresis in the
aqueous solutions of KCI and NaCl, respectively.

In Figs. 4a—c, the dependence of the average
diffusiophoretic velocity in a dilute dispersion of
identical elliptic cylinders on their dimensionless
zeta potential at various values of a/b and Z for
a case that the anion and cation mobilities are
equal (D, — D, =0 with f;=f,=02 and
ka = 300) is illustrated. Here, the magnitude of
the diffusiophoretic velocity is normalized by
a characteristic value

U* = __8_<I_€I>2 |Vn®| .
dnp\ e ;] n®(Q)

Only the results at positive zeta potentials are
shown in Figs. 4a—c since the induced electric field
given by Eq. (39) disappears for D, = D, and the
diffusiophoretic velocity, which is due to the
chemiphoretic effect only, is an even function of
zeta potential. It can be seen from Figs. 4b and 4c

that the diffusiophoretic velocity does not vary
monotonically with the zeta potential of the par-

(54)

ticles, and a local maximum and a local minimum .

in the average mobility occur at some values of
{e/kT which depend on a/b and Z. When a/b or
Z increases, the local maximum or minimum will
take place at a smaller magnitude of zeta potential
(for a fixed value of xa). Note that the upward
trend of the average diffusiophoretic mobility for
large zeta potentials in Figs. 4b and 4c¢ results
from the contribution of the particle mobility in
the axial direction, in which the polarization effect
of the double layer does not appear.

Figures 5a—c are drawn for the normalized
average diffusiophoretic velocity in a dilute dis-
persion of identical elliptic cylinders as a function
of {e/kT at various values of a/b and Z for a case
that the anion and cation have different diffusion
coefficients (D, — Dy)/(D, + D;) = — 0.2 with
fi =02 and xa = 300). In this case, both the
chemiphoretic and the electrophoretic effects con-
tribute to the particles’ movement and the net
diffusiophoretic velocity is neither an even nor an
odd function of {. The curves in Figs. 5a—c show
that the average diffusiophoretic velocity might
reverse direction six times as the zeta potential of
the particles varies from highly negative to highly

oar
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0.0 I L i 1 i 1
4
¢e /KT

07 ———————
o6+ i
os|
04} 5

0.3
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0.0 : . . 4
0 4
te /KT
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Fig. 4. Plots of the normalized average diffusiophoretic mo-
bility in a dilute suspension of identical elliptic cylinders with
a symmetric-electrolyte concentration gradient versus the
dimensionless zeta potential of the particles for various
values of the aspect ratio a/b with D; — D, =0, f; =f, = 0.2
andka=300a)Z=1b)Z=2c¢c)Z=3
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Fig. 6. Plots of the normalized average electrophoretic mo-
bitity in a dilute suspension of identical elliptic cylinders with
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aspect ratio’ a/b with f; = f; = 0.2 and ka = 300: 2) Z = 1; b)
Z=2¢2Z=3
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positive values. Similarly to Figs. 4b and 4c for the
case of D, = Dy, the upward trend of the average
diffusiophoretic mobility at large magnitudes of
zeta potential illustrated in Figs. 5b and 5c is due
to the contribution of the particle mobility in the
axial direction. It can be seen from Figs. 4 and
5 and Table 2 that the normalized particle vel-
ocities are monotonic decreasing functions of a/b
for a fixed value of xa and are monotonic increas-
ing functions of a/b for a given value of «b.

5. Electrophoresis in symmetric electrolytes

Considered in this section is the electrophoretic
motion of a charged elliptic cylinder when a uni-
form external electric field E* is imposed. The
bulk concentrations of all ions n beyond the
electrical double layer are constant. The thickness
of the double layer is assumed to be much smaller
than the minimum particle dimension (kb > 1).
The potential energy @, of ionic species m is equal
to ez, ®,. Like the analysis in the previous sec-
tions, the imposed electric field can be vectori-
ally decomposed into the longitudinal com-
ponent EYe. and the transversal component
E%Ye, + Efe,. For simplicity, only one symmetric
electrolyte in the liquid phase (M =2;
—zy = 2z, = Z; nT = n% = n®, where subscripts
1 and 2 denote anion and cation respectively) will
be considered.

First, we examine the motion due to
Ee, + E7e,. Outside the double layer, the elec-
trochemical potentials, which satisfy Laplace’s
equation (12), can be expressed as

tm =t + kTIn n™(Q)
— ez, EX[x + Aje¢coso]

— ez, E¥[y + Bje “sing] , (55)

where m =1 or 2. This solution immediately
satisfles  the far-field condition, Vg, —
—ez,(ESe, + EYe,) as (x> + y*)2 > oo. At the
outer edge of the double layer, normal fluxes of
ions take place as described by Eq. (16). The
parameters f,; have been given in Egs. (41).
The unknown coefficients A7, A%, B{, and B}
in Eq. (55) can also be determined using Egs. (51).
Following the procedure in the previous section,
we can find the components of the transverse

electrophoretic velocity, with

&l

U, = —E‘;’[e_é‘)cosh Eo + ALt 22,20
47y

2c
4kT Zel\A] — A} Y
+ZZlnCOSh<4kT> ¢
(56a)
and
8C " o BH+ 11 B .
Uy:%Eylie s Slnhéo‘f‘ 1—20 2@ 2¢
C4kT Zel\ B| — B} e
+ ZeClnCOSh<4kT> 5 e .
(56b)

These expressions can also be obtained from Eqs.
(50) with the substitution of Eq. (39). When «b is
large and |{] is small such that Eq. (8) is satisfied,
Egs. (56) reduce to Smoluchowski’s equation. The
stream function for the fluid flow here is also
provided by Eq. (33) with U, and U, given by Egs.
(56).

Because there is no polarization of the diffuse
ions near the cylinder surface in an electric field
parallel to its axis, the longitudinal component of
the particle velocity is what the Smoluchowski
equation predicts,

24

U,=—E%.

4y (57)

The total electrophoretic velocity and the en-
semble-averaged mobility of the elliptic cylinder
can also be determined by Egs. (36) and (37), with
(Vn®),, (Vn®),, (Vn®),, and Vn* in Eq. (37) being
replaced by E%, EY, EF and E®, respectively.

The coefficients A7, A%, B, and B’ in Egs. (56)
have been calculated for various values of Z,
{e/kT, ka, and a/b. Part of the numerical results of
the electrophoretic velocities of the elliptic cylin-
der (with Z=1, fi=f,=02 (e/kT =238,
a/b = 1.1 and 1.01) normalized by their corres-
ponding magnitudes with negligible relaxation ef-
fect of the double layer are listed in Table 3. The
exact solutions of the electrophoretic velocity of
a circular cylinder calculated using Eq. (5) are also
given in the last column of this table for compari-
son. Again, the results for the elliptic cylinder can
be found to agree very well in trend with the
analytical solutions for the circular cylinder.
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Table 3. The normalized electrophoretic mobilities of an elliptic cylinder in a solution containing only one symmetric
electrolyte with Z =1, f; = f, = 0.2, and {e/kT = 8 in the transverse directions parallel to the major axis (x) and the minor

axis (y)
a/b=11 a/b =101 alb =1
Ka Kb
Ux/ UxO Uy/ UyO Ux/ UxO U_v/ UyO U/ UO
100 0.4702 0.4609 04742 04732 0.4747
100 0.4891 0.4796 04762 04752
300 0.6963 0.6870 0.7003 0.6993 0.7008
300 0.7146 0.7055 0.7022 0.7012
1000 0.8783 0.8733 0.8804 0.8799 0.8807
1000 0.8879 0.8832 0.8815 0.8810

Similarly to the cases of diffusiophoresis consid-
ered in the previous sections, the electrophoretic
mobilities are reduced due to the polarization
of the double layer. These normalized mobilities
are monotonic decreasing functions of a/b for
a given value of xa and are monotonic increasing
functions of a/b for a fixed value of xb. Also, the
normalized electrophoretic velocity of an elliptic
cylinder decreases with the reduction of the
maximum length of the particle in the direction of
migration. Only one case of the ionic mobilities
is considered here since their influence on the
electrophoretic velocity of particles is generally
weak for most realistic aqueous systems [10].

The average electrophoretic velocity in a dilute
suspension of identical elliptic cylinders as a func-
tion of {e/kT at various values of a/b and Z for the
case with f; = f, = 0.2 and xa = 300 is depicted
in Figs. 6a—c. In these figures, the magnitude of
this average velocity is normalized by the charac-
teristic value

kT
U* = 4i<—>iE°°| .
m\ e

Only the results at positive zeta potentials are
displayed in Figs. 6a—c since the electrophoretic
velocity is an odd function of zeta potential for the
situation that the anion and cation mobilities are
equal. Similarly to the case of chemiphoresis as
shown in Figs. 4b and 4c, the electrophoretic
velocity does not vary monotonically with the
zeta potential, and a local maximum and a local
minimum in the particle mobility appear at some
values of {e/kT which depend on a/b and Z. When
a/b or Z increases, the local maximum or min-

(58)

imum for each value of xa will occur at a smaller
magnitude of zeta potential. Also, Figs. 6b and 6¢
show the upward tendency of the average elec-
trophoretic mobility of the cylinder at high zeta
potentials.

6. Summary

Three problems of similar physical and math-
ematical structures are studied in this work: the
diffusiophoresis of an elliptic cylinder in a
nonelectrolyte solute gradient, the diffusiophor-
esis of an elliptic cylinder in an electrolyte solute
gradient, and the electrophoresis of an elliptic
cylinder in an external electric field. The cylinder
can be oriented arbitrarily with respect to the
applied field. Although the region of the interac-
tion between the solute species and the particle
surface is taken to be small relative to the particle
dimension, the assumptions allow for polarization
of the mobile species in the diffuse layer. The
method developed for solving the electrokinetic
equations in the limit of thin double layer [3, 9]
has been used to solve the equations of conserva-
tion applicable to the problems.

Expressions for the diffusiophoretic and elec-
trophoretic velocities of the elliptic cylinder were
obtained in Egs. (34), (45), and (56) for various
transversal imposed fields and could be found in
Egs. (35), (53), and (57) for various longitudinal
imposed fields. An important result that the par-
ticle velocity decreases with the reduction of the
maximum length of the particle in the direction of
migration was deduced. Although the validity of
Egs. (45) and (56) is restricted to the case of a
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symmetric electrolyte solution, formulae for
a fluid containing an arbitrary combination of
general electrolytes can be obtained from the
same procedure using O’Brien’s [9] reasoning
that only the most highly charged counterions
play a dominant role in the ionic fluxes along the
particle surface. Due to the linearity of these prob-
lems, the migration velocity of the cylinder in an
arbitrarily oriented applied field can be obtained
by the vectorial addition of the contributions
generated from the transversal and longitudinal
components of the applied field. The average dif-
fusiophoretic or electrophoretic velocity for an
ensemble of identical elliptic cylinders can also be
calculated from the transversal and longitudinal
mobilities of the particle. It has been found that
the normalized phoretic velocities are monotonic
decreasing functions of the aspect ratio a/b for
a given value of the relaxation parameter f/a (or
ka) and are monotonic increasing functions of a/b
for a given value of f/a (or (kb).
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